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Weer II :

• Restriction Theorem
,

• Sub additivity Theorem
.



(XD ) log par , V linear system .

He + I = f
"
Ckx ta ) t E

F = Fix Cf
-W , then we define the multiplier ideal

TUX ,a) icy ) - Ja
.
oui - f- * Ox ( E - Left ) .

Lemma : The definition does not depend on the chosen

log resolution .

Lemma : The more sing
CX ,a ) .

D are and the

larger c is ,
the deeper the ideal Taco is .



Theorem ( Nadel vanishing ) : (Hill ) quoi - projective log pair .
N Cartier so that N - D is ample for 020 Q - Cartier . Then

Hi CX , Tao ( kxtL.lt N ) ) -0 for in

In particular , if S is a component of Ll which
appears

with coefficient one , then

Ho ( X , Lao Ckx tat N )) sorjeefo onto

H
.

(S , Tca -his sols ( Nxt Gt N )) .



Theorem ( Restriction theorem ) : X smooth variety ,

Dao Q - divisor and HEX smooth hypersurface not contained

in the support of D .
Then ,

there is an inclusion
.

TCH , Dm ) E TCX, D)Hi - JCX ,D ) : OH .

→

Example : X - GI 't ,
H be the t - axis and

a

C = { s - t ' -- o } , D - L C . ✓
'

I

YCX , 01
- Ox JCX , O) - OH -

- Orc to

Htt .

( G ', { c ) is log smooth with weft Cfc ) as .

which means is alt

DH = drifts
. ,

hence TCH DH ) = TCG . collect>
.

YA-hole ) - Sts E JCXID ) - OH -- ① ETI
.

Remark : TCH , DH ) E JCX , Dt Ci -HH ) . On

for every oates .



Proof : µ : X
'
→ X log resolution of CX , DTH ) .

Write flat = H 't E.
'

au Eu Consul Css

H
'

- X
' \ '

if His general in
a free linear systemYIEoht.mu µ, µ

,

f. µ win the example .( th Dri )

- X
all the owls are o .

TCX ,01--14*0×1 ( kxyx - Eµ*DI )

TCH ,
Dul - flu * OH ' ( KHYH - [Htt Dre ? )

We have that [µ9iDHI=E In :

By adjunction : KH ' - (Kxittl " Ilm H

KH n Ckx + HI IH lis)

From Cll , Cal and G) , we conclude that

ITHYH = (KxYx - I
'

OYE; JH '
. Ca )

Define B := kxyx - [µ* DI - Eia; Eu .

Btw = kitten - [Hii Dm)



Define B : = kxyx - [µ* DI - Ii ai Eu .

Btw = HH 'm - [Hii Dm)

Then , we have that Tlth Dm ) = Mma Otr CBI .

On the other hand .

a
diff is eff and µ- ex .

-

tha Ox ' CB) E µ * On
Ckxyx - [µ.OH = JCX ,D ) .

=

It suffices to

proven, we need to prove
this egulit.

fly * OH ' CB ) = µ. Cha CB ) - OH i =

Im (Macha CB ) ↳ Ox → OH ) .

Observe that B - H '
= kxyx - [µ

- cot HIT .

By local vanishing , we obtain

Ryu * Ox . CB - H '

l - o .

Then
,
the proof follows by pushing forward curb µ the

req

o → Ox . CB- H 's Ox. CB) → One CB) →o

D



Example : Let 1111 be a free linear system and He hit

ageneral element .

Then , we have that

TCI-hbril-TCX.hn

Corollary ( Inversion of Adjunction I ) :

In the setting of the restoration theorem

If we fix a point ace H and oppose that DCH.orila-OH.sc .

Then TCX , Dt Ci- HH ) ± Ox. . .

For
any

rational number Oct EL

Equivalently , if (H , DH ) is kit near se, then (X, Dt G-TSH)

is htt near x . for octet ( for t=o we have ) .

Remark : (H .DH ) is KIT , then (XiDTH ) is pit



-

Proposition : 020 be a Q - divisor on X smooth
.

REX a point for which mottaDet .
Then LCD ) x - Ox . .

Remains : D= E! aiDi with Di Carter orzo

mvlbx D - I! ai mvlbxDi .

Proof of prop : We proceed by induction on the dimension

D - goer L(X. ga ) . - Ox . . get .

JCX ,
a) x - Mx .

JCX , ka )
.

- Mau '

Hence , the statement is true in dimension one .

HEX smooth hypersurface passing through a , we can tune it

with the following properties :

tf Di component of D , we have that

mutts (Dila ) = mulbx Coil .

Also , we assume H is contained m no Di .



Now
, we will set DH = DIH .

By the
previous assumption we have Motta CDH ) - motta Coles.

By induction TCH
, DH )e= OH .se .

By inversion of adjunction , we conclude that ICY D) a - Ox ,
.£

Proposition : In the setting of the restriction theorem
.

For
any

number o - sad . , we have that

J ( X , Dt Ci -HH ) H E TCH
, Clos DHI .

for all sufficiently small t
.

Remark : for t small enough and oases .

TCX ,Dt Ct -HH ) H E TCH Ci -DOH )

UI

TCH , DH ) E TCX , D) H .



Proof of prop : E E X
'

different from H
'

which

is contained in the support Kmt µ*CDtH ) . that meets H !

Write E- = E AH
'

.

It is enough to show

orde ( 4th Cl -HH +D) I - Kxy× )

Zord
E ( Yuri Ki - s ) DH ) - knew ) .

C"

holds whenever the right side is positive
b= ordo (hrxyx) ,

or = orde Cfl. HI r= orte quad)
-

-

no otherwise the right side of CA) is negative

By adjunction , orde (KH ' IH ) - b -a .

Proving Csn turns down to
prove .

[ Cl - t ) or tr J - b z [ Cl - o ) r ] - Cb -a ) .

This holds whenever t '
a .

if



Corollary : Fix a number se coin . Then

TCX
, Dt Cl -HH ) H E TCH ,

Ci -SIDHI

for every t small enough .

In particular , if CX
, Dfa - t ) H ) is Klf , then

so toes ( H , CI - s )DH )
.

Theorem ( Restriction on singular varieties ) :
(Xia ) log parr . HEX retired integral Cartier Timson

.

with Holsopple . Assume H is a normal variety .

DEX effective Q - Carter Q - divisor on X whose

support toes not contain H . Then
.

I CCH
, Anti DH ) E TAX,ali D) H .



Remark : Let X be a complex variety and I an

ideal sheaf on X .

The multiplier ideal DCI 9 is the

ideal sheaf generated by all functions h oooh that

1h12
- .

27 Ifi't
'

is locally integrable ,
where the fi 's is a finite set of

local generators of I .

This
gives

a natural inclusion Q E Icel
.

Question . Ds .
Da E X , is there a way

to

compare TCX , DatDa ) with YCX , Ds ) and TCX.bz ) ?

Example : X - GI
,
D. = (x)

,
Dz - Lys .

Y(X, D. +Dz ) = <XY) , LEX, DitDc )
II

YCX , D. 1--5×3 JCX, Ds ) .

JCX ,
Da ) - Lys

TCX, Dc )



Example : X -- 192 , Dc - Eas Da -- Ian .

TCX, D.) = Ox .

TEX , Da )
= Ox .

TCX
,
Data ) =L 2

, Cx) ) = Cx) .

2,0

Theorem (subadditivity ) : X a smooth variety , Droz EX.
cis JCX, Dat Dz ) E YCX.de ) LCXIDZ)

Cris ab E Ox ideal sheaves
,

then Cbi , Dan Dal

KIT

Jca' bdl E Lcac ) Jobs ) .

He ??

eg

for any c.dao .
In particular Tca - b) E Tco) Tool .

Notation : fli : Xi
'
→ Xi lag resolution of (Xi , Di )

Xi xixxi xi

④I Jfhxµ' Jfk
Xi Xixxp Xz



Lemma : The protect µ . xpuixixxi → x. xxz

is a log resolution of (Xix Xz , pi Dit p: Dal .

Proposition . There is an equality

JCX.xxz.pe. Dat pi D2 ) = Pi
'

YCX , ,0. ) - pi 'T CK .ba)

Proof : JCX.xxz.pe.Dit pi Dz ) = hgsmoh

Gunter ) * Oxixxi ( kxixxx.xxz-KMMRR.am )
!

4UYurl* ( qi Cha Ckxicx. - qui Dit ) ox tunnel
- -

- r

FI Oxickxixz - Eth
.

Date ))
=

Piter * Ox . ( Kxicx . - [µ
. Dil ) ox rate at

pipes . Oxilkxicx. - [µ:Date )
=

T .

PITCH . Da ) piya . .bz ,I
fhtneootp .

and re

pi
' JCX , ibn ) - pi

' FCK DD
e .



Proof of subadditivity :
X

quasi
- projective .

Take X, = Xz = X .

I - X E Xxx .
the trigonal embedding .

pif Ipa
X X

'

J¥tDz ) = LCD , CpiDit pi Dz ) a )

E J (Xxx . piDit pi Da ) a .

I
rest them

T (Xxx . piDit pi Da ) a .

= JCX,DfDa).
µ

Topics : • singularities of O tiursors

• summation Theorem .


